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1. Introduction

In a previous report1 we presented the theoretical development for the
eigenvalue problem of the concentric spherical cavity, homogeneously
filled with dielectric. This report - the companion publication - con-
tains the corresponding electric and magnetic field distributions within
that cavity. Again we should like to emphasize that this report is merely
another in a sequence of publications that is forthcoming; each report
elaborates on some physical characteristics of loaded spherical cavities
that are of practical significance.

Section 2 of this report contains a brief presentation of the geometry in-
volved and the necessary formal treatment for understanding the analytic
results. Section 3 consists of the transverse electric (TE) normal mode
cavity field distributions. In section 4 the field distributions for the
transverse magnetic (TM) cavity modes are presented. Finally, in section
5, the preceding field results are summarized and discussed. Before pro-
ceeding it should be pointed out that in this report only a pure lossless
dielectric medium will be considered within the cavity.

2. Cavity Geometry and Formal Field Expressions

2.1 Cavity Geometry
We shall repeat in figure 1 the illustration of the previous, related report1

that displays the intrinsic geometry for the concentric spherical cavity
filled with a homogeneous dielectric. The outer radius is "a" and the inner
radius As "b." The fields will be displayed below for the region contained
between the two conducting spheres.

2.2 The Eigenfields

We showed in the earlier publication1 that the cavity eigenfields could be
derived from two Debye potentials. The TE potentials are obtained from
potential functions of the form

(Dpe (74) - .,p ( ,) r) P,. (cos 8) cos m (Ila)

1L. Libelo and M. Campi, The Concentric Spherical Cavity TE and TM Eigenvalues, Hlarry Diamond Laboratories,
IIDL-TR-2034 (July 1984).
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Figure 1. Geometry of Z
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and

(D(p (7) =,p (y) r) P,,,, (cos 8) sin m (lb)

and the TM eigenfields from the potentials

Tn , (e) , -V (I r) P,. (cos ®) cos m (2a)

and

T(o) ( - ('r) P,. (cos E) sin md (2b)

where the values "M a and (2) a are, respectively, the TE and TM eigen-
values, and where a is the radius of the outer conductor, as mentioned ear-
lier. More explicitly, the radially dependent factors are

.P (41) r) in r) k. ( b) - i ( ') b) k, (4') r) = A(') (rb) (3)
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and

Inp)(4 2 r) = . ( 21 r) [ .p b k,. (,4'p b k.] " .2 ( r) [ ,p'b i. ( b)"
nP (4)

a 2 (r,b)

where b is the radius of the inner conducting sphere, i( ) and kn( ) are the

modified spherical Bessel functions, and [xf(x)]" denotes differentiation
with respect to the argument x. We have also introduced Anp and rp as

notation for later convenience.

The field components are derived directly from the Debye potentials of
equations (1) and (2). Thus the eigenfield components are, for the TE
modes,

Sr. = 0 (5a)

0;.(7) rsinO 0 IL nmp ( 91

( (I ) = r T Ir rj (5c)

H(;) (7) = 1 (_ - ,)2 [ r = ( )r,;,rp nM~t- r 04)] (- g n OMl P

(.5d)

(';,)- a2 [) ]
°; run =jctg r ar r (5e)

and

HO;:) 1 r (50

O:;L-n () jcoR r sin 0 Tro Lr " 01)1(5
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For the TM modes, the eigenfield components are

n (n+1) 1
E,';nmp() - _ r_ () (7)

(6a)

1 2 ()"I-TO r (6b)zO~n,,np w~} je r Ir " ,mP

E(2;,')(r4)= 1 1 a2 I  Gi) )r6c

E ; "P j0we r sin 0 rV, (.) (6c)

2;,c, (4) =0 (6d)

H, (2, ) =r rV (7 and (6e)

(;n)t' 'p ( = I ni )n

(2;, ) ,r) =-7 1 r 7) (60

Here we define j to be the square root of -1, and recall that the eigen-
values ',/ Pla and Y(2a are purely imaginary when the cavity is filled with
lossless material.

The components in equations (5) and (6) can be written as products of an

angular function depending on 0 and , and a function depending solely
on the radius variable, r. Thus we write the components in the more con-
venient factored form. For the TE case:

E ') (r) =0 (7a)
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0() (0,) E)(r) (7b)

, _ ; , , , . , - , _ ; ,, , , ( 0 , E ,;l ) ( r ) ,( 7 c )

H(1;e) (-74) =/_/(1;e:) (0,0)/Hr-'p (r) (7d)

r;nmp r;nm r;n

H ";' 74) - Ho;2 (0,_)H(.) (r) , and (7e)

t .(';")4) -,. 0 ) H. ') r 7f

And for the TM case:

E(Z(2;' )rn (0,0)) Er2) (8a)E!;o°(7) = E (O)) Ep (r) , (8b)

(2;) (2) (8d)
(2)) - () ( 2)

o;' - (O,))H O;np (r) , and (8e)
H(2;'.) ( u2: 2

;;np(2;. ' )€;, (0,0) EI,2 ), (8c)

If we examine the factors in (7) and (8) that depend only on the radius, r,

we find further helpful simplifications. We obtain for the TE modes,

,r-o r O

(;') H (r )= ( 2) A,(r,b) , (9)

(;) (0,)H2)(f

() -r , and (10)
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h ) = () 1 d 1)' r A . (' ,b)] y- ) (r,b)o;.,, nrp r d; (r)p' r] P r' r

And for the TM modes,

E2  y(2) (r,b) (12)
np (r) - 2" r

T (2) (r;b)

e;n(r) =En,;np(r) ) , and (13)' y r

(r) = 11(p (r) = r, (r;b) (14)

where for convenience we have introduced the notation

7" (X (xY) X i n, ( pX ) I [n[p y kn (T(, y)'p Y - .pyt ('p y [ .(.X

(15)

Examination of equations (9), (10), and (11) clearly reveals that there are
only three distinct radial functions required to specify the radial depend-
ence of the TE mode field components. These are the "transverse electric
field" functions which we shall denote by E np (r), where

,E(" (r) - On (r) =-ET (r) A"(r,b) , (16)•~n np np (r _P

the "transverse magnetic field" radial function, H,(1) (r), where

( ) (r) Mi4) (r) = T(1)(b,r)/ r , (17)
; (nP O~ ;"t ( np - ,p

and finally the "longitudinal magnetic field" radial function, H (r),

where

Hl('), (r) - Hr(') (r)" = A()(ob 4) 1)

Note further that the longitudinal magnetic field radial function is easily
obtained from the transverse electric field radial function.
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Similarly, ior the TM mode field components, only three distinct radial
functions are required. The first is the transverse magnetic field radial
function, denoted by H()p (r), where

H,; (r) -HIT (r) =- , (r) - T (r,b) (19)

The second -is the transverse electric field radial function, denoted by

EI;?2) (r), where

,p (r) -E (r) = 2;fp(r) = T<$ (r,b) /I,2r . (20)

And the third is the longitudinal electric field radial function, denoted by
(r), where

E.2p (r) a E(2) ) (r)b=n r (21)

E;p ( 2) (r,b) ,p

Again we observe that one of the components, namely the longitudinal
electric field radial function, can be obtained readily from another TM
component, namely, via the transverse magnetic field radial function.
Equations (16) through (21) contain the expressions for the field compo-
nents that we will determine explicitly in the following paragraphs of this
report. The 0 and dependences that accompany the dependence on r are
the well-known conventional behaviors and do not require any further

elaboration.

2.3 Normalization
We introduced the transverse electric field radial function via equation
(16). Since the eigenvalues calculated in the earlier publication i were
those values of ya that satisfied

in ('ya) k. (yb) - k, (ya) i. (yb) = 0

'L. Libelo and M. Campi, The Concentric Spherical Cavity TE and TM Eigenvalues, Harry Diamond Laboratories,
IDL-TR-2034 (July 1984).
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for fixed b, it is more convenient to write

A(' (r,b) a i. [1) a( r k.E ab i. - ,&E a( b ) ik E a( r

An(Pb a a a

(22)

We also write

[-F a r a

(23)

which by equation (18) is the function we will need to calculate to obtain
the transverse magnetic field radial function. The variable is now r/a, i.e.,
r scaled by the radius of the outer spherical conductor.

In order to more efficiently display the radial function for the field compo-
nents we change variables from the normalized radial quantity, r/a, to the
variable "d," which we will define as the radial distance from the inner
conducting sphere. We will further require d to be normalized to unity at
the outer conducting sphere. The relation between the variables d and r is
thus

( r b
d a a where O<d<l . (24)

Clearly, d = 0 corresponds to the inner conductor and d = 1 corresponds to
the outer.

Fui'hermore, somewhere in the range 0 < d < 1 (or equivalently, b < r <
a), the magnitude of each field component radial function will take on its
maximum value. We choose to scale each field component by its maxi-
mum absolute value. In this manner we have normalized each field com-
ponent radial function to range between the amplitudes of +1 and -1. We
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then have, for the TE eigenfields for a fixed ratio R = b/a, the normalized
transverse electric field radial function,

Et(" (R;d) = A( ) (r,b)=n n (25)iE() (R ~ I'A ' r b ,,

the normalized transverse magnetic field radial function,

-Y() (b,r)

(R;d) _ , a(a) (26)
JH(')p (R;ad) 1,= Y( (b,r)

and the normalized longitudinal magnetic field radial function,

A(' (r,b)

AV) A n a (2r7)HtnP (R;d) _

.vl a (ra)
mp max

The TM eigenfields have been similarly normalized.

In what follows, computer plots are shown for the TE field component
radial functions, equations (16) to (18), as normalized in equations (25) to
(27), and the TM expressions, equations (19) to (21), similarly normal-
ized, as functions of the normalized distance from the inner conducting
sphere. For each eigenmode the dependence of these eigenfield compo-
nent distributions on the size of the inner conductor is shown. The vari-
able R = b/a is the quantity representing the size of the inner sphere.

The field plots are in three-dimensional form, with the field strength
plotted on the vertical axis against both R = b/a and the normalized dis-
tance from the inner sphere, d. These surfaces have been embellished by
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asterisk markers at the maximum value for each b/a plotted. Also, a coor-
dinate box has been added as a background to better understand the sur-
face in relation to its coordinate axes.

We recall that each eigenvalue is a function of R, i.e.,

nP a/--- [ (R)] a

These eigenvalues also form a doubly infinite set, indicated by the sub-
scripts n and p. The subscript n denotes the order of the eigenvalue, i.e.,
the order of the Bessel equation from which the resonance equation was
derived. The subscript p connotes family, indicating groupings into which
modes with similar behavior patterns fall. The concept of families of
modes was quite evident in the previous report1 on the eigenvalues, where
the various trajectories as functions of b/a were shown to be so grouped.
These groupings are seen to extend into the behavior of the actual
electromagnetic field distributions.

Because the eigenvalues can increase ad infinitum, we have chosen to
limit those fields plotted to have eigenvalues less than 20. However, it is
possible to plot the fields of the higher modes using the same techniques
described in this document.

'L. Libelo and M. Campi, The Concentric Spherical Cavity TE and TM Eigenvalues, Harry Diamond Laboratories,
IlDL-TR-2034 (July 1984)
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3. Radial Distribution for TE Field Components

3.1 Transverse Electric Field Component for TEnp Modes

3.1.1 Thep = 1 E-Transverse TEnp Eigenfields for n = 1 to 5

Perhaps the easiest field component of this investigation to understand is
the E-transverse for the TE 11 mode. This component must vanish on the
two conducting walls (d = 0 and d = 1), and reaches a s'ngle maximum in

between. The surface therefore resembles a tunnel, as sh,.,Vn in figure 2.
Examining this surface reveals that the maximum value occurs at slightly
different values of d for each b/a computed. As n is increased from 1, the
same basic pattern exists, except for changes in the position of the max-
ima. When b/a is large, these changes are minute. However, when b/a is
small, there is a significant shift of the maximum values to larger values
of d, so that the "tunnel" becomes somewhat altered for small b/a. See fig-
ures 3 to 6.

1 .0
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Figure 2. Distribution of the normalized transverse electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R bla, for the TE I1 mode.
Asterisk indicates peak value of field with d.
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Figure 3. Distribution of the normalized transverse electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TE21 mode.
Asterisk indicates peak value of field with d.
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Figure 4. Distribution of the normalized transverse electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R =bla, for the TE31 mode.
Asterisk indicates peak value of field with d.
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Figure 5. Distribution of the normalized transverse electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TE41 mode.
Asterisk indicates peak, value of field with d.
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N o m W & u = ¢ f m n hm r s ph mFigure 6. Distribution of the normalized transverse electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TE51 mode. i
Asterisk indicates peak value of field with d.
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3.1.2 The p = 2 E-Transverse TEnp Eigenfields for n = 1 to 5
Increasing p (i.e., changing the family) from 1 to 2 has the effect of mak-
ing the field more oscillatory. This is a general rule of thumb that shall be
observed for all field components as we increase p. Thus, instead of hav-
ing one maximum, the absolute value of the field now has two local max-
ima between d = 0 and d = 1. For.the combinations of n and b/a that were
considered, the local maximum occurring at the smaller value of d is the
absolute maximum. Increasing n from 1 to 5 has the effect of changing the
position of the maxima. The change is negligible for larger b/a, but for
smaller b/a there is once again a significant shift of the maxima to larger
d. See figures 7 to 11.
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Figure 7. Distribution of the normalized transverse electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TE 12 mode.
Asterisk indicates peak value of field with d.

32



I E transverse
T

E

0.4

0 3

0 0.2

0.05 ~ ~ ~ 0. 02 e4 0. .
Normal ~~ dit=fI ~ p

Figure~~~~~~~~~~~~~~~~~~~ 8.Dsrbto ftenraie rnvreeeti il opnn ntecneti
spherical~~~~~~~~~~~~~~~~~ caiya ucino h ne ootrcnutrrdi lfrteT2 oe
Asterisk~~ ~ ~ ~ ~ iniae ekvleoIil ihd

I

0.o 1 .eie0 ~ ~
Noimd distanc frome fncr speze

Figure . Distribution of the normalized transverse electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R =b/a, for the TE32 mode.
Asterisk indicates peak value of field with d.

1.0 __ __ __ __ __ __ __ __ __ __ __ __33__



I.e E ransverse

N
T
E
N
S

T

0..0I
0.20

0.10
0.0a" 0. 0.2 0.4 0. r, .8 1.0

Normil disuo from im= spher

Figure 10. Distribution of the normalized transverse electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TE42 mode.
Asterisk indicates peak value of field with d.
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Figure 11. Distribution of the normalized transverse electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TE52 mode.
Asterisk indicates peak value of field with d.
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3.1.3 The p = 3 E-Transverse TEnp Eigenfields for n = 1 to 5
When p is once again increased, from 2 to 3, the fields become still more
oscillatory. There are now three local maxima/minima between d = 0 (the
inner conducting wall) and d = 1 (the outer conducting wall). The local
maximum at the lower value of d remains the absolute maximum for all
cases of n and b/a considered. Increasing n by unity, from 1 to 5, once
again changes the position of the maxima negligibly for large b/a, but for
each increase produces a noticeable shift to larger d for the smaller values
of b/a. See figures 12 to 16.
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Figure 12. Distribution of the normalized transverse electric field component in the concentric spherical
cavity as a function of die inner to outer conductor ,adii, R = bla, for the TE13 mode. Asterisk indicates
peak value of field with d.
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Figure 13. Distribution of the normalized transverse electric fiold component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = b/a, for the TE23 mode.
Asterisk indicates peak value of field with d.
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Figure 15. Distribution of the normalized transverse electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R =b/a, for the TE43 mode.
Asterisk indicates peak value of field with d.
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Figure 16. Distribution of the normalized tran .verse electric field component in thle concentric
spherical cavity as a function of the inner to outer conductor radii, R =b/a, for the TE 53 mode.
Asterisk indicates peak value of field with d.
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3.1.4 The p = 4 E-Transverse TEnp Eigenfields for n = 1 to 5
A predictable pattern has developed as we increase n and p, and this pat-

tern continues into the final family of TE modes that we will consider.

When p is increased from 3 to 4, as expected there are four local maxima
in the absolute value of the eigenfields. The local maximum correspond-

ing to the lowest value of d remains the absolute maximum of the field's

absolute value for the values of n and b/a that were considered. As before,

an increase in n causes a noticeable shift in the location of the maxima to

larger values of d for the smaller values of b/a, and much smaller shifts

for larger b/a. See figures 17 to 20.
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Figure 17. Distribution of the normalized transverse electric field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TE14 mode. Asterisk indicates
peak value of field with d.
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Figure 18. Distribution of the normalized transverse electric field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TE24 mode. Asterisk indicates
peak value of field with d.
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Figure 19. Distribution of the normalized transverse electric field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TE34 mode. Asterisk indicates
peak value of field with d.
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Figure 20. Distribution of the normalized transverse electric field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TE44 mode. Asterisk indicates
peak value of field with d.

3.2 Transverse Magnetic Field Component for TEnp Modes

3.2.1 The p = I H-Transverse TEnp Eigenfields for n = I to 5

We now turn our attention to the next field component, namely H-
transverse for the TE I mode, as depicted in figure 21. At the metallic

boundaries, H--transverse is proportional to the surfatce current, and is gen-
erally nonzero on the walls. For the mode in question, the eigenfield is in
fact at its maximum value (has a large surface current) on the inner con-
ductor. The fields then decrease monotonically, including a sign change,
until they almost reach the outer conductor, after which they exhibit a very
mild increase from somewhere after d = 0.9 until reaching the outer con-

ductor at d = 1. An exception exists for very small b/a of about 0.001,
where this slight upward turn is absent. Monitoring the field at the outer
conductor, one notices that its absolute value increases as ba increases.
Also, for very small ba, there is a very sharp gradient in the decreasing
field from its maximum at the inner conductor. Compare figure 21a f r b
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= 0.001a, figure 21b, for b = 0.01a, and figure 21c for b = 0.05a. And
only a hint of the oscillation due to Bessel function dependence is evident
in the mildly wavy behavior of the surface plot for b/a > 0.05 in figure 21.
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Figure 21. Distribution of the normalized Mra..,versc electric field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = b/a, for the TE 11 mode. Asterisk indicates
peak value of field with d.

41



R~e.OOITEll1

a.33 ........
.. .. ... .......... ............ .........

.......... ......r. ..... ... ....... .... ......... ..... ....

E

-A 3 ............. .......... ..... ... ...... ......... .... .. .. .....

.. ............... .......1. .... ..... ... .. ....

0. -. 39.0.8 M .3 510
NVwdtw ro m PC

Fiue2a itiuino h omlze rnvremgei il opnn
intecnetiSpeia aiy hnteinrt ue odco aiRba
is00 ,frth E1 oe

R-00133I

e . ..... ........................ .. ............. . .................. ....

0 . .. .....
9.......1 e.......... e.......... .......... ........ ....... ...8 1.. .....

-46 . ................... . . . . . . .

9.61..............................- . . . . . . . . . . .

9.32



R-0.05 TEll
I II

0.67 .. .. .. ............ _ _4 ........ ........ ...... ..... ..... ...... ........... ............. ....... ..... ...........

0.33

H
T
R
A

U
E
R

E

- 33. ........ . ............... .......... .,

S ........... ... . .......... . ............................ .................. ....... ........ . .................................

*

0. 0.13 0.25 0.38 0.5 0.63 S:7S 0:88
Nonmo dt=ce from h= spbom

Figure 21c. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity, when the inner to outer conductor radii, R = b/a, is 0.05, for the TEl 1 mode.

When we increase n from 1 to 2, the situation changes with respect to the
location of the maxima for small b/a. The change involves the loss of
monotonicity in d for small b/a, due to a field fluctuation (i.e., the os-
cillatory behavior becomes more pronounced), which contains a local
maximum somewhere between d = 0.2 and d = 0.3. There is furthermore a
critical value of b/a, somewhere between 0.1 and 0.2, where the absolute
field maximum changes from the inner conducting wall for larger b/a to
this local peak for smaller b/a. The field then continues to monotonically
decrease in d toward the outer conductor as it did before when n equalled
1. At the outer conducting wall, the field intensity is now stronger for
smaller b/a than for n =1. See figure 22.
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When n is increased from 2 to 3, the effects described above are en-
hanced. The critical value, at which the absolute maximum shifts from
being at the inner conductor to the local peak, has increased to somewhere
between b/a = 0.2 and b/a = 0.3. Furthermore, these local peaks occur at
larger values of d than for n = 2. After its absolute maximum, the field
decreases in d, including a sign change, until it reaches almost to the outer
conductor, and then rises a slight amount as it goes to d = 1. The absolute
value of the normnalized field strength (and hence the surface current) on
the outer conductor is becoming large (about 0.9) for the small values of
b/a considered (0.05 <b/a <0.2; see fig. 23.)
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Figure 23. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = b/a, for the TE31 mode. Asterisk indicates
peak value of field with d.

When n is increased to 4, we once again see, in figure 24, that the local
peak which caused the field strength to lose its monotonic character in d

exists for a still larger range of b/a (b/a < 0.4). These peaks furthermore

occur at still larger values of d. However, this local peak is no longer the
maximum value for smaller b/a, at least for the values computed. For this
range (0.05 < b/a < 0.3), the absolute maximum (of the absolute value of

the field) is on the outer conductor, since the field strength there increased

enough to be larger than any other maximum. For b/a > 0.4, the absolute
maximum remains on the inner conducting wall. A critical value in b/a ex-

ists between 0.3 and 0.4.
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transverse resembles that of n = 4, except for what should now be predict-
able changes. For b/a > 0.5, the absolute maximum remains on the inner
wall. Between b/a = 0.4 and b/a = 0.5, there exists a critical value of b/a,
larger than the previous ones, below which the surface loses its monotonic
character in d, and develops a local maximum. These local peaks have
been shifted to still larger values of d than before. Also between b/a = 0.4
and b/a = 0.5, the absolute maximum of the absolute value of the field
changes from being on the inner conductor for larger b/a, to the outer con-
ductor for smaller b/a (fig. 25). It is worth noting that when n is increased
for this p = 1 family the component's field strength (surface current) is
diminished considerably on the inner conducting wall for smaller b/a.
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Figure 25. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TE51 mode. Asterisk indicates
peak value of field with d.

3.2.2 The p = 2 H-Transverse TEnp Eigenfields for n = 1 to 5
When the family index p is increased from 1 to 2, the oscillatory nature of
the H-transverse field component is also increased. This is made evident
in figure 26 for the TE12 mode. There now exists an additional peak value
between d = 0.45 and 0.55, indicated as a local minimum in the figure.
The component's absolute maximum remains on the inner conductor for
all values of b/a that were considered (between 0.05 and 0.6), as it was for
the TEl 1 mode.
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Figure 26. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = b/a, for the TE12 mode. Asterisk indicates
peak value of field with d

Increasing the order index ni to 2 has similar effects on the H-transverse
field as in the p = 1 family. Another local maximum appears at ap-
proximately d = 0.2, but it exists only for the smaller values of b/a, disap-
pearing somewhere between b/a = 0.1 and b/a = 0.2. The absolute maxi-
mum value of the field component lies on this local peak for a smaller
range of b/a than for the p = 1 case, with the critical value in b/a some-
where between 0.05 and 0.1, at which the absolute maximum switches
from the local peak back to the inner conductor. The other local minimum,
which came into being by increasing the family index p to 2, has shifted
its position to higher values of d (approximately d =0.6; see fig. 27).
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Figure 27. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = b/a, for the TE22 mode. Asterisk indicates
peak value of field with d.

Increasing the order it once more to 3 has the effect of extending the new
local peak over a larger range in b/a. The threshold value in b/a is now be-
tween 0.2 and 0.3. The local maximum is furthermore the absolute maxi-
mum of the absolute value of the field component for small b/a, the cutoff
being between b/a =0.1 and b/a = 0.2, which is a larger cutoff than for the
TE22 mode (fig. 28). There still remain two local peaks; the second,
depicted as a minimum, was introduced when p was increased. Above the
threshold value of b/a, only the latter (minimum) is present.
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Figure 28. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TE32 mode. Asterisk indicates
peak value of field with d.

When n is increased from 3 to 4 the changes which occur for p = 2 con-
tinue to have similarities with those occurring in the p = 1 family. The lo-
cal maximum which appears on the surface when n is increased now ex-
ists over still a larger range of b/a. It exists at a slightly larger value of d
than for n = 3. And, as for the p = 1, n = 4 case, this local maximum is no
longer the absolute maximum of the field component. The absolute maxi-
mum in the absolute value of the field is instead at the local minimum
which arose from the increased oscillation when p was raised from 1 to 2
(fig. 29).
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Figure 29. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = b/a, for the TE42 mode. Asterisk indicates
peak value of field with d.

When n is increased from 4 to 5, as expected, the changes which have
taken place become enhanced. The range in b/a for which there is a new
local maximum due to the increase in n is now still greater. Likewise, the
range in b/a is also greater where the absolute maximum of the absolute
value of the field component lies on the local minimum which arose from
increasing p. Both this local maximum and minimum occur at higher val-
ues of d, as expected (fig. 30).
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Figure 30. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TE52 mode. Asterisk indicates
peak value of field with d.

3.2.3 The p = 3 H-Transverse TEnp Eigenfields for n = 1 to 5
Increasing the family index p from 2 to 3 once again increases the os-
cillatory nature of the fields, so that the TE13 mode exhibits, in addition to
the local minimum already present when p equalled 2, an additional local
maximum when d is slightly less than 0.7 (fig. 31). As for the TE12 mode,
the absolute maximum is on the inner conducting wall for all values of b/a
that were calculated (0.05 < b/a < 0.5).
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Figure 31. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = b/a, for the TE13 mode. Asterisk indicates
peak value of field with d.

Increasing n to 2 once again produces a new local maximum only at the
smaller values of b/a. Increasing n still further to 3 extends the range of
b/a for which this local maximum exists. Moreover, the absolute maxi-
mum of the component lies on this new local maximum for smaller values
of b/a, as illustrated in fig. 32 and 33. As n is increased to 4 and 5, the
new local maximum occurs over still greater ranges of b/a. However, for
the p = 3 case, the absolute maximum of the absolute value of the field
now switches to the next local minimum (illustrated by fig. 34 and 35).
Also one may observe from the figures that as n increases, the locations of
the local maxima/minima in d increase, as they did for the previous values
of p.

53



I H transverse

T
E

N
s
T

T Y

0.40 II

0.20

0. 05 0. 0.2 0.4 0.6 0.8 i.e
Nonnil dipts=o from bmer sphere

Figure 32. Distribution of the normalized transverse magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R =b/a, for the TE23 mode.
Asterisk indicates peak value of field with d.
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Figure 33. Distribution of the normnalized transverse magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R =b/a, for the TE33 mode.
Asterisk indicates peak value of field with d.
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Figure 34. Distribution of the normalized transverse magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R b/a, for the TE43 mode.
Asterisk indicates peak value of field wvith d.
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Figure 35. Distribution of the normalized transverse magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R =b/a, for the TE53 mode.
Asterisk indicates peak value of field with d.
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3.2.4 Thep = 4 H-Transverse TEnp Eigenfields for n = 1 to 4
Figures 36 to 39 show the H-transverse component for p = 4. The patterns
we have noticed for p = 1, 2, and 3 are continued here, and therefore the
behavior of the field patterns is somewhat predictable. The oscillatory na-
ture of the fields has been once again increased. For n = 1 the absolute
maximum of the field is on the inner conducting wall for all values of b/a
computed. For n = 2 and 3 another local maximum appears close to the in-
ner conducting wall for smaller values of b/a. The absolute maximum
value of the field strength lies on this new local maximum for small b/a.
When n is increased to 4, the maximum value of the field strength for
smaller b/a switches to the local minimum next closest to the inner con-
ducting wall. And as we increase n from 1 to 4, the location of the local
maxima/ minima increases in d.
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Figure 36. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TE14 mode. Asterisk indicates
peak value of field with d.
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Figure 37. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TE24 mode. Asterisk indicates
peak value of field with d.
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Figure 38. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TE34 mode. Asterisk indicates
peak value of field with d.
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Figure 39. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = b/a, for the TE44 mode. Asterisk indicates
peakvalue of field with d.

3.3 Radial Magnetic Field Component for TEnp Modes

3.3.1 The p =1I H-Radial TEnp Eigenfields for n =1I to 5
As was mentioned in section 2.2, the longitudinal or radial magnetic field
component is easily derived from the transverse electric field function.
The relationship is basically that the normalized radial FL-field can be ob-
tained from the normalized transverse E-field throughl division by the nor-
malized radius, rna. Thus, we expect the radial component to resemble the
transverse, with the radial H-field strength enlianced from the transverse
E, more so for smaller values of rna than for larger. On the field plots of
figures 40 to 44 for p = 1, one therefore observes the radial H-field more
enhanced for smaller renormalized radial parameter d, and also for smaller
b/a because of the way we defined d. Hence the surface plots resemble
"tunnels" which are somewhat distorted in shape from those of the
transverse E-field. And, due to the air multiplicative factor, the peak val-
ties of these field components lie on somewhat smaller values of d from
the transverse E-field.
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Figure 40. Distribution of the normalized radial magnetic field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R =b/a,

for the TEl11 mode. Asterisk indicates peak value of field with d.
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Figture 4 1. Distribution of the normalized radial magnetic field component in tie
concentric spherical cavity as a function of the inner to outer conductor radii, R =b/a,

for the TE21 mode. Asterisk indicates peak value of field wvith d.
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Figure 42. Distribution of the normalized radial magnetic field component in die
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Figure 44. Distribution of the normalized radial magnetic field component in the concentric spherical
cavity as a functicn of the inner to outer conductor radii, R = bla, for the TE51 mode. Asterisk indicates
peak value of field with d.

3.3.2 The H-Radial TEnp Eigenfields for Higher Families of
Modes
The H-radial field components continue to resemble the transverse E-
fields when p is increased by 1, in the same manner and for the same
reason. That is, they are related to the latter component by division by r/a,
and are therefore enhanced from E-transverse; more for smaller values of
d than for larger. These components are more oscillatory than for p = 1, as
expected, and their peak value with d occurs on the closest local maxi-
mum to the inner wall, as it did in E-transverse. The local maxima occur
at somewhat lower values of d than in E-transverse, due to the nature of
the air relationship. Figures 45 through 54 display the H-radial component
of the eigenfields for p = 2 and 3 and for n between 1 and 5. Figures 55
through 58 show these components for p = 4 when n varies between 1 and
4.
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Figure 45. Distribution of the normalized radial magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R =bla, for the TE12 mode.
Asterisk indicates peak value of field with d.
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Figure 46. Distribution of the normalized radial magnetic field component in the concentric
spherical cavity as a finction of the inner to outer conductor radii, R = bla, for the TE22 mode.
Asterisk indicates peak value of field with d.
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Figure 47. Distribution of the normalized radial magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TE32 mode.
Asterisk indicates peak value of field with d.
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Figure 48. Distribution of the normalized radial magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TE42 mode.
Asterisk indicates peak value of field with d.
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Figure 50. Distribution of the normalized radial magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R =b/a, for the TE52 mode.
Asterisk indicates peak value of field with d.
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Figure 50. Distribution of the normalized radial magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R =bla, for the TE13 mode.
Asterisk indicates peak value of field with d.
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Figure 51. Distribution of the normalized radial magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R =b/a, for the TE23 mode.
Asterisk indicates peak value of field with d.
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Figure 52. Distribution of the normalized radial magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R b/a, for the TE33 mode.
Asterisk indicates peak value of field with d.
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Figure 53. Distribution of the normalized radial magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = b/a, for the TE43 mode.
Asterisk indicates peak value of field with d.
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Figure 54. Distribution of the normalized radial magnetic field component in the concentric
spherical cavity as a function of the inncr to outer conductor radii, R b/a, for the TE53 mode.
Asterisk indicates peak value of field with d.
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Figure 55. Distribution of the normalized radial magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = b/a, for the TE14 mode.
Asterisk indicates peak value of field with d.
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Figure 56. Distribution of the normalized radial magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TE24 mode.
Asterisk indicates peak value of field with d.
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Figure 57. Distribution of the normalized radial magnetic field compone.. t in diue concentric
spherical cavity as a function of the inner to outer conductor radii, R =b/a, for the TE34 mode.
Asterisk indicates peak value of field with d.
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Figure 58. Distribution of the normalized radial magnetic field component in tie conccntric
spherical cavity as a fuinction of the inner to outer conductor radii, R =b/a, for the TE44 mode.
Asterisk indicates peak value of field with d.
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4. Radial Distribution for TM Field Components

4.1 Transverse Magnetic Field Component for TMnp Modes

4.1.1 The p = 1 H-Transverse TMnp Eigenfields for n =1 to 7
The TM1 1 is the dominant mode of the concentric cavity system. Figure
59 displays the transverse magnetic field component for the TM1 1 mode.
For b/a > 0.25, it resembles the H-transverse of the TEl 1, in that it is
maximum on the inner conducting wall (d = 0), and decreases monotoni-
cally to the outer conducting wall (d = 1). There is no slight upturn near
the outer wall as in the TE.case. If we were to decrease b/a below 0.2,
however, another local maximum emerges, not far from the outer conduc-
tor. This local maximum is also the absolute maximum of H-transverse,
for the smaller values of b/a for which it was computed here (i.e., 0.05 <
b/a < 0.15).

.0 7

0.60

0.S0

0 40.3

0, 20
0. is

0.10
0.05 0. 0.e .4 0.6 0.8 1.0

Nomul dit= from rmr sphcro

H transverse
Figure 59. Distribution of the normalized transverse magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TMI 1 mode.
Asterisk indicates peak value of field with d.
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Increasing n from 1 has similar effects to those seen earlier for the TEn1
modes. The local maximum occurs at increasingly larger values of d and
over an increasingly larger range of b/a (fig. 60 to 65). If we extend n to 7,
as shown in figure 65, the region of "smaller" b/a for which this local
maximum exists extends to beyond 0.6, and is located at roughly d = 0.9,
which is quite close to the outer wall. Somewhere between b/a = 0.6 and
b/a = 0.7 for H-transverse of the TM71 mode, the absolute maximum
shifts backs to the inner conducting wall. It is noteworthy that these shifts
in absolute maximum from one local peak to another occur in such a way
that the location of the absolute maximum in d is not a continuous func-
tion of b/a. This has been true for almost all the prior eigenfield plots we
studied. More will be said on this point in section 5.
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Figure 60. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TM21 mode. Asterisk indicates
peak value of field with d.
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Figure 61. Distribution of the normalized transverse magnetic field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = bla,
for the TM31 mode. Asterisk indicates peak value of field with d.
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Figure 62. Distribution of the normalized transverse magnetic field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = b/a,
for the TM41 mode. Asterisk indicates peak value of field with d.
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Figure 65. Distribution of the normalized transverse magnetic field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = bla,
for the TM71 mode. Asterisk indicates peak value of field with d.

4.1.2 The p = 2 H-Transverse TMnp Eigenfields for n = 1 to 5
When p is increased to 2, we obtain, as for the TE modes, an increase in
the oscillatory nature of the fields. This is made manifest in the TM12
mode, for example, by the addition of another peak, very close to the outer
conducting wall. Thus, for the larger values of b/a, where in the TM 11
mode there was a monotonic decrease in the fields from inner to outer
conducting wall, there is a small peak at about d = 0.9 for the TM12
mode. For smaller values of b/a, where before there were peak values at
the inner conductor and at one other local maximum, there are now rela-
tive peak values at the inner conductor and at two other local maxima/
minima. The additional peak value, indicated as a local minimum in figure
66, occurs closer to the inner wall (at about d = 0.3) than the correspond-
ing peak for the TM1 1 mode. And this minimum is the location of the ab-
solute maximum of the absolute value of the field component for small
b/a, up to about 0.05, before this maximum switches to the inner conduc-
tor. When b/a is greater than roughly 0.2, the newly formed minimum dis-
appears entirely.
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Figure 66. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TM12 mode. Asterisk indicates
peak value of field with d.

Increasing n has effects on this TM component which are similar to what
was observed in the TE modes. The local peaks shift to slightly higher
values in d as n increases. The "new" local minimum extends its range in
b/a, until, at n = 5, it reaches almost to b/a = 0.5 before disappearing. The
location of the absolute maximum of the absolute value of the component
also remains on the latter mentioned minimum over a greater range in b/a
before reverting back to the inner conductor. Figures 67 through 70 illus-
trate these effects.
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Figure 67. Distribution of the normalized transverse magnetic field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = bla,
for the TM22 mode. Asterisk indicates peak value of field with d.
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Figure 68. Distribution of the normalized transverse magnetic field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = bla,
for the TM32 mode. Asterisk indicates peak value of field with d.

75



-<~~~ .---- transverse

0.00
0.60

0,40

0.30 -..

0. 0 . - ,.. .

0.05 0.2 0.4 0.6 0.8 1.0
Normu] ditcn from ir sph m

Figure 69. Distribution of the normalized transverse magnetic field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = bla,
for the TM42 mode. Asterisk indicates peak value of field with d.
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Figure 70. Distribution of the normalized transverse magnetic field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = bla,
for the TM52 mode. Asterisk indicates peak value of field with d.
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4.1.3 The p = 3 H-Transverse TMnp Eigenfields for n = 1 to 5
We next turn our attention to the TM H-transverse component for p = 3,
as shown in figures 71 through 75. By now we are expecting to find in-
creased oscillation when we increase p. However, a quick look at the fig-
ures gives the impression that the number of local maxima/minima has not
increased overall, and that the local maximum which was close to the
outer wall when p equalled 2 has been replaced by one around d = 0.5 or
0.6, close to the center of the cavity. A more careful examination, though,
reveals that there still exists a very small turn, or peak, close to the outer
wall, at about d = 0.95 or more. Thus the increase in oscillation is still
maintained with increased p, although not as pronounced as it was in the
TE modes.
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Figure 71. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = b/a, for the TM13 mode. Asterisk indicates
peak value of field with d.
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Figure 72. Distribution of the normalized transverse magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R =bla, for the TM23 mode.
Asterisk indicates peak value of field with d.
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Figure 73. Distribution of the normalized transverse magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R =bla, for the TM33 mode.
Asterisk indicates peak value of field with d.
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Figure 74. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TM43 mode. Asterisk indicates
peak value of field with d.

When n is equal to unity, the absolute maximum of the absolute value of
the field strength is on the inner conductor for all values of b/a which
were solved for 0.05 < b/a < 0.6. This is in contrast with the TM1 1 and
TM12 cases, whose absolute maxima were located differently for small-
er b/a. As in the cases where p = 1 and 2, there is a local peak value (at
around d = 0.25 for p = 3) which exists only for smaller values of b/a.
When n is increased to 2, the maximum value indeed shifts to this local
peak for the smaller values of b/a. As for p = 1 and 2, increasing n in-
creases the range in b/a over which the absolute maximum is on this local
peak. And increasing n also has the effect of shifting all the interior local
peaks to slightly larger values in d.
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Figure 75. Distribution of the normalized transverse magnetic field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TM53 mode. Asterisk indicates
peak value of field with d.

4.1.4 The p = 4 H-Transverse TMnp Eigenfields for n = 1 to 5
Increasing p to 4 once again adds oscillation in a predictable manner.
There exists once again a subtle turn or peak in the curve at d = 0.95 or
more. There is a local peak added at about d = 0.7, another still exists at
about 0.4, and then there is the one at about d = 0.25 which exists for
smaller values of b/a only. The absolute maximum value of the absolute
value of the field is on the inner conductor for all b/a calculated when n =
1. When n is increased to 2, this absolute maximum is on the next closest
peak to the inner wall for smaller values of b/a. As n is increased, the
range in b/a for which the absolute maximum exists on this local peak in-
creases, and the local peaks in general shift to locations of slightly larger
values of d. See figures 76 through 80.
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Figure 76. Distribution of the normalized transverse magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TM14 mode.
Asterisk indicates peak value of field with d.
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Figure 77. Distribution of the normalized transverse magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, or the TM24 mode.
Asterisk indicates peak value of field with d.
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Figure 78. Distribution of the normalized transverse magnetic field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = b/a, for the TM34 mode.
Asterisk indicates peak value of field with d.
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Figure 79. Distribution of the normalized transverse magrnetic field componen: in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TM44 mode.
Asterisk indicates peak value of field with d.
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peak value of field with d.

4.2 Transverse Electric Field Component for TMnp Modes

4.2.1 The p = 1 E-Transverse TMnp Eigenflelds for n = 1 to 7
The transverse component of the electric field for the TM11 (dominant)
mode must go to zero on the two conducting walls, and has a single peak
value in between. It therefore resembles a "tunnel" when plotted in our
three-dimensional format, much as it did in the TEl 1 case. However, con-
sistent with the more complicated algebraic expressions utilized in the TM
case, the "tunnel" is somewhat distorted, almost resembling the H-radial
dependence of the TEl 1 mode, with the maximum value close to the inner
conductor for smaller b/a, and close to the cen:er of the cavity for large
bla. Figure 81 illustrates these characteristics. Increasing n, as illustrated
in figures 82 through 87, has the effect, as expected, of shifting the peak
values to larger values of d, especially for smaller b/a.

83



0. /E transverse

-0.1

0..93

0..20

0. 10 No17nh dLsw= fromer p~r0.05 *' o.a 0.4 0.6 0.8 1.0

Figure 81. Distribution of the normalized transverse electric field component in the
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for the TM 11 mode. Asterisk indicates peak value of field with d.
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Figure 82. Distribution of the normalized transverse electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = bla,
for the TM21 mode. Asterisk indicates peak value of field with d.
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Figure 86. Distribution of the normalized transverse electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = b/a,
for the TM61 mode. Asterisk indicates peak value of field with d.
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Figure 87. Distribution of the normalized transverse electric field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TM71 mode. Asterisk indicates
peak value of field with d.

4.2.2 The p = 2 E-Transverse TMnp Eigenfields for it = 1 to 5
We have just observed, that with increased p, the H-transverse component
becomes more oscillatory, but not as pronounced as for the TE modes.
Comparing figure 88 for the TM12 E-transverse component with figure 7
for the TE12 E-transverse component, we see that the same can be said for
the transverse electrk fields. A second peak, which is indicated as a local
minimum, is added to the surface of the TM mode, fairly close to the inner
wall. But, unlike its TE counterpart, this added peak exists for only part of
the range of b/a, beginning with the lowest value of b/a calculated (0.05),
and reaching somewhere between b/a = 0.2 and b/a = 0.3 before disap-
pearing. The absolute maximum of the absolute value of the field compo-
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nent is on this additional local peak, for b/a less than some value between
0.1 and 0.15, at which point this absolute maximum switches to the other
local peak for the greater values of b/a. Of course, the fields on the two
conducting boundaries must still go to zero.

When n is increased to 2 and 3, as shown in figures 89 and 90, the range
in b/a over which the "added" local minimum occurs is increased, as is the
range in b/a over which this local minimum contains the absolute maxi-
mum of the absolute value of the field component. Increasing n further to
4 and 5 further increases the range over which the "added" minimum ex-
ists. However, the field strength starts diminishing on this minimum, so
that it no longer contains the absolute maximum, which now exists on the
other local peak for the entire range of b/a considered (fig. 91 and 92).
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Figure 88. Distribution of the normalized transversc electric field component in the concentric spherical
cavity as a function of die inner to outer conductor radii, R = b/a, for the TM12 mode. Asterisk indicates
peak value of fieldl with d.
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Figure 89. Distribution of the normalized transverse electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = bla,
for the TM22 mode. Asterisk indicates peak value of field with d.
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Figure 90. Distribution of the normalized transverse electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = bla,
for the TM32 mode. Asterisk indicates peak value of field with d.
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for the TM32 mode. Asterisk indicates peak value of field with d.
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4.2.3 The p = 3 E-Transverse TMnp Eigenfields for n = 1 to 5
We next investigate the case where p is increased to 3, and find that there
is a more substantial increase of oscillation. The two local peaks that were
present when p equalled 2 are now located closer to the inner conductor
(at approximately d = 0.06 and d = 0.23 for the TM13 mode) (fig. 93). A
new peak occurs at about d = 0.75, and is indicated as a local minimum in
the surface plot. As n is increased from unity to five, these peaks occur at
slightly higher values of d, shifting more for smaller values in b/a, as ex-
pected from our studies into the previous modes, and as seen in figures 94
through 97.
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Figure 93. Distribution of the normalized transverse electric field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TM13 mode. isterisk indicates
peak value of field with d.
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Figure 95. Distribution of the normalized transverse electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R =b/a,

for the TM33 mode. Asterisk indicates peak value of field with d.
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Figure 96. Distribution of the normalized transverse electric field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TM43 mode. Asterisk indicates
peak value of field with d.

We next draw attention to the location (in d) of the absolute maximum
value of the absolute value of the field component. Beginning with the
TM13 mode, it occurs on the nearest local minimum to the inner metallic
boundary for small b/a, Somewhere between 0.05 and 0.1, it switches to
the next closest peak for the larger values of b/a. Increasing n to 2 and 3
has the effect not only of extending the range over which the absolute
value resides on the closest minimum, but it also extends the range in b/a
over which this minimum exists. When n is increased to 4 and 5, the range
over which the inner local minimum exists is increased, but the field
strength there becomes diminished, causing the absolute maximum to oc-
cur on the second closest local peak to the inner wall for all values of b/a
computed. All of this is consistent with what has gone before.
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Figure 97. Distribution of the normalized transverse electric field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = b/a, for the TM53 mode. Asterisk indicates
peak value of field with d.

4.2.4 The p = 4 E-Transverse TMnp Eigenfields for n = I to 5
When n is increased to 4, one more local maximum near to d = 0.8 is
added to the surface plots. For the TM14 mode, as shown in figure 98, the
three already existing local peaks which were present when p was 3 have
shifted down to approximately d = 0.04, 0.15, and 0.5, respectively. In-
creasing n has the effect of shifting the local peaks to higher d, especially
for smaller b/a, as before. A discussion of the location of the absolute
maximum value of the absolute value of the field component is very much
the same ,q for the p = 3 case, and we shall therefore refer to figure 99
through 102 without further discussion.
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Figure 98. Distribution of the normalized transverse electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = b/a, for the TM14 mode.
Asterisk indicates peak value of field with d.
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Figure 101. Distribution of the normalized transverse electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = b/a, for the TM44 mode.
Asterisk indicates peak value of field with d.
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Figure 102. Distribution of the normalized transverse electric field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = bla, for the TM54 mode. Asterisk indicates
peak value of field with d.

4.3 Radial Electric Field Component for TMnp Modes

4.3.1 The p = 1 E-Radial TMnp Eigenfields for n = 1 to 7
The final component left to be studied is the radial electric field. We recall
from section 2.2 that this component is readily derivable from the
transverse magnetic component, essentially through a division by the nor-
malized radius, r/a. The reasoning behind the energy distribution which
results is in some respects parallel to the case of the TE radial magnetic
field, which was obtained by means of a similar divisio:. (sect. 3.3). The
radial dependence of the radial electric field for a given TM mode is seen,
then, as an enhancement of the dependence of the transverse magnetic
field, more for smaller values of b/a than for larger, and more for smaller
d than for larger. Thus, while the overall surface plot characteristics are
the same as for the transverse magnetic field, the radial electric fields' lo-
cal maxima/minima will be shifted to smaller values of d. Also, the abso-
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lute maximum value of the absolute value of the component will be more
apt to peak at a smaller d value than in the case of the H-transverse
component.

Beginning with the p = 1 case, as shown in figures 103 through 109, we
see that when n = 1, the absolute maximum exists on the inner conducting
wall for all values of b/a computed (0.05, b/a, 0.99), and there is no other
local maxima/minima discemable. Increasing n produces the local maxi-
mum that exists over part of the range in b/a, as it did for H-transverse.
However, this peak is not as close to the outer wall, and the range over
which the absolute maximum value of the component rests on it is not as
large.
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Figure 103. Distribution of the normalized fadial electric field component in the concentric sphcrical
cavity as a function of the inner to outer conductor radii, R = bla, for the TMI 1 mode. Asterisk indicates
peak value of field with d.
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Figure 104. Distribution of the normalized radial electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = b/a,
for the TM21 mode. Asterisk indicates peak value of fielfdwith d.
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Figure 105. Distribution of the normalized radial electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = b/a,
for the TM31 mode. Asterisk indicates peak value of field with d.
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Figure 108. Distribution of the normalized radial electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = bla,
for the TM61 mode. Asterisk indicates peak value of field with d.
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Figure 109. Distribution of the normalized radial electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R =bla,
for the TM71 mode. Asterisk indicates peak value of field with d.
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4.3.2 The p = 2 E-Radial TMnp Eigenfields for n =1 to 5
Increasing p to 2 adds another local peak close to the outer wall, but due
to the nature of the r/a division, this peak is a very mild one. The other lo-
cal peak, which was present when p was unity for part of the range of b/a,
has moved substantially closer to the inncr wall, wherever that peak ex-
isted. The absolute maximum value of the absolute value of the field re-
mains on the inner wall for all calculated values of b/a when n = 1 (fig.
110). When n is. greater than unity, the location of this absolute maximum
divides itself once again between the inner conductor for larger b/a, and
on the closest local peak for smaller b/a. The absolute maximum resides
on this peak for an even smaller range of b/a than it did when p was unity
(fig. 111- 114).
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Figure 110. Distribution of the normalized radial electric field component in the concentric spherical
cavity as a function of the inner to outer conductor radii, R = b/a, for the TM12 mode. Asterisk indicates
peak value of field wvith d.
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Figure I111. Distribution of the normalized radial electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R =b/a,

for the TMv22 mode. Asterisk indicates peak value of field with d.
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Figure 112. Distribution of the normalized radial electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R =b/a,

for the TM032 mode.Asterisk indicates peak value of field with d.
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Figure 113. Distribution of the normalized radial electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, P = bla,
for the TM42 mode. Asterisk indicates peak value of field with d.
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Figure 114. Distribution of the normalized radial electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = b/a,

for the TM52 mode. Asterisk indicates peak value of field with d.
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4.3.3 The p = 3 E-Radial TMnp Eigenfields for n = 1 to 5

When p is raised to 3, the two local peaks present in the component when
p = 2 are moved again substantially closer to the inner conductor. The r/a
division is felt as a stronger enhancement nearer the inner wall, so that
these peaks are not as mild as for p = 2. Another local peak is added close
to the outer wall, and this one is very mild. The absolute maximum value
of the absolute value of the field remains located on the inner wall for
larger values of b/a, and on the closest local peak to the inner wall for
smaller b/a. But the range in b/a for which this absolute maximum resides
on the local peak is diminished even more for p = 3 (fig. 115 through
119).
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Figure 115. Distribution of the normalized radial electric field component in the concentric spherical cavity
as a function of the inner to outer conductor radii, R = b/a, for the TM13 mode. Asterisk indicates peak value of
field with d.
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Figure 116. Distribution of the normalized radial electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = b/a,
for the TM23 mode. Asterisk indicates peak value of field with d.
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Figure 117. Distribution of the normalized radial electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = bla,
for the TM33 mode. Asterisk indicates peak value of field with d.
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Figure 118. Distribution of the normalized radial electric field component in the
concentric spherical cavity as a function of the inner to outer conductor radii, R = bla,
for the TM43 mode. Asterisk indicates peak value of field with d.
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4.3.4 The p =4 E-Radial TMnp Eigenfields for n = 1 to 5
As expected, increasing p once more to 4 adds still another very mild local
peak quite close to the outer wall while moving the others closer to the in-
ner wall. When n = 1, the local peak closest to the inner wall has become
just an indent that exists only for 0.05, the smallest value of b/a calcu-
lated. While this local peak reappears for n = 2 and above, the range in b/a
over which it exists, as well as the range over which the absolute maxi-
mum value of the field's magnitude resides, have both been reduced. In
fact, the absolute maximum value resides totally on the inner conductor
for all values of b/a calculated for both n = 1 and n = 2. Other behavioral
patterns are by now predictable, and we may refer to figures 120 through
124 without further comment.
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Figure 120. Distribution of the normalized radial electric field component in the concentric spherical
cavity as a function of tie inner to outer conductor radii, R = b/a, for the TM14 mode. Asterisk indicates
peak value of field with d.
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Figure 121. Distribution of the normalized radial electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bia, for the TM24 mode.
Asterisk indicates peak value of field with d.
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Figure 122. Distribution of the normalized radial electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TM34 mode.
Asterisk indicates peak value of field with d.
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Figure 123. Distribution of the normalized radial electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TM44 mode.
Asterisk indicates peak value of field with d.
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Figure 124. Distribution of the normalized radial electric field component in the concentric
spherical cavity as a function of the inner to outer conductor radii, R = bla, for the TM44 mode.
Asterisk indicates peak value of field with d.
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5. Discussion and Summary

A number of standard characteristics of electromagnetic fields are readily
observed in the eigenfield components which were presented in this
report. On the two conducting walls the transverse component of the elec-
tric field is always zero, whereas the normal (radial) electric field compo-
nent on the walls is equal to the surface charge density. H-transverse on
the walls is in general nonzero, and equal to the surface current density,
whereas H-radial goes to zero on the conducting boundaries.

There are also some interesting features in these field components that are
not universal to those of more generalized system geometries. Consider,
for example, the higher families of modes, where there exist multiple local
maxima/minima in the eigenfield distributions. These peaks vary in
amplitude individually and in a continuous fashion with b/a. However, the
location of the absolute maximum of the absolute value of the field varia-
tion with d is apt to change discontinuously with change in b/a. So we
have observed, in sections 3 and 4, the existence of critical values in b/a at
which this absolute maximum switches between the different local peaks.

The critical values may be computed, although it is sufficient to view
them approximately for a good qualitative study. Figure 125 reproduces
the TM mode plots for the concentric cavity that were developed in a prior
report. 1 In this figure, the critical values of b/a have been marked on each
trajectory for the p = 1, 2, and 3 families. The markings which belong to
both a common component and family have been connected by a simple
dotted line. Looking at the p = 1 family, the upper line connects the criti-
cal values in b/a for H-transverse, while the lower line connects those for
E-radial. Moving to the next two higher families, the upper line connects
the critical values for E-transverse, the middle line those for H-transverse,
and the lower line those for the E-radial component.

'L. Libelo and M. Campi, The Concentric Spherical Cavity TE and TM Eigenvalues, Harry Diamond Laboratories,
HIDL-TR-2034 (July 1984).
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To find some sort of a pattern in the locations of the critical values neces-
sitates a small discussion concerning the behavior of the mode plots them-
selves. One observes from figure 125 that the individual trajectories begin,
for small b/a, by exhibiting a nearly vertical'form, i.e., negligible changes
in the eigenvaue with b/a. Later, for larger b/a, the mode plots become
markedly more curved. The p = 1 family for the TM modes is unique, in
that the eigenvalues do not approach infinity as b/a approaches unity. But
the trajectories do become wavy for larger b/a. For the higher families, the
trajectories resemble sickles, with a curved drop to a minimum value, and
then an increase i n the eigenvalue as we increase b/a. It is noteworthy that
the critical values occur at the part of the trajectory where its shape transi-
tions from being near vertical to curved. One might even suggest that the
change in the location in d of the absolute maximum of the amplitude of
E-radial defines the beginning of a "transition region" of the trajectory as
bla is increased; and, further, that this transition between the near vertical
and curved portions of the mode plot finishes at the critical value of E-
transverse, where it exists, or, where it does not, at that of H-transverse.
Of course, this behavioral pattern is heuristically determined, and has not
been rigorously proven through mathematics for all modes. But it is worth
considering seriously as a general rule because it holds true for all modes
that were solved for.

It should be pointed out that for the TE modes, only one component (for
all values of b/a we were concerned with) exhibited these critical values,
namely H-transverse. Even so, this critical value seems to roughly divide
the mode plots into two regions. That is, the trajectories are almost verti-
cal for the values of b/a below it, and more curved for the higher values of
b/a. See figure 126 for the lowest three families of TE modes.
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Figure 125. TM modes epR)afor nonlossy concentric spherical cavity, with critical values of R =b/a indicated
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We may now conclude by summarizing with certain rules of thumb.The
eigenfields increase their oscillatory behavior with increased family index
p. Their energy distribution is redistributed radially without substantial
change in their oscillatory nature with increase in the order index n.
When, as we vary b/a, the absolute maximum value of their amplitude
switches (discontinuously) to another local peak, the critical value of b/a
lies in a "transition" region of the eigenvalue curve, or mode plot. And, of
course, E-transverse and H-radial go to zero on the conducting walls.

In future reports we will present the results of altering the interior load
structure of the cavity in a number of ways, in order to see the effects of
such changes on the field patterns. For example, the inner metallic sphere
will be replaced by a dielectric one. Combinations of the two materials,
such as a conducting inner sphere with dielectric layers, will be studied.
The metal may then be made to conduct imperfectly, and the dielectric
may be given loss. Thus it is hoped that the thorough exposition presented
in this and the forthcoming reports of the eigenfield behavior of simply
loaded spherical cavity systems may become a basis for understanding
how electromagnetic energy distributes itself in more complicated
cavities.
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